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ABSTRACT
We show that a class of models for particles with internal degrees of freedom are
integrable. These systems are basically generalizations of the models of Calogero
and Sutherland. The proofs of integrability are based on a recently developed
exchange operator formalism. We calculate the wave-functions for the Calogero-
like models and find the ground-state wave-function for a Calogero-like model in a
position dependent magnetic field. This last model might have some relevance for
matrix models of open strings.
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The integrable systems of Calogero, Moser and Sutherland are many body
systems in one dimension, in which N identical particles interact among themselves
with two-body inverse square potentials [1-3]. Other integrable systems have been
discovered which are related to these models. These include the lattice version of
Haldane and Shastry [4], and more recently, models where the particles are exposed
to particular types of external potentials [5].
In this paper we will further generalize the Calogero-Moser-Sutherland models
by introducing particles with internal degrees of freedom. We will generalize both
the Calogero model and the Sutherland model by including terms in the hamil-
tonian that couple the internal degrees of freedom. We will then show that these
generalized models are integrable. We will also construct the wave-functions of
the ground state and excited states for the Calogero-like model. Wave-functions
for the Sutherland-like model were recently given [6] and won’t be repeated here.
We will also consider a Calogero-like model where internal spins are coupled to a
magnetic field which is linear in position space. We will find the ground state wave
function for this model, although at this point, we don’t know how to prove if the
system is integrable.
In this paper we will make extensive use of the exchange operator formalism
developed by one of the authors [7], which we review here. Consider the generalized
momentum operator πi,
πi = pi + i
∑
j 6=i
VijMij , (1)
where Vij = V (xi − xj) and Mij is an exchange operator that interchanges the
positions of the i and j particles. We will assume that it does not exchange the
internal quantum numbers of these particles. In order for πi to be self-adjoint,
V (x) must satisfy V †(−x) = −V (x).
The simplest hamiltonian that can be constructed with the πi operators is
H =
1
2
∑
i
π2i , (2)
2
which can be expanded to
H =
1
2
∑
i
p2i +
1
2
∑
i6=j
[
Vij(pi + pj)Mij + V
′
ijMij + V
2
ij
]
−
1
6
∑
i6=j 6=k 6=i
VijkMijk. (3)
Vijk is given by
Vijk = VijVjk + VjkVki + VkiVij , (4)
and Mijk is the three body exchange operator,
Mijk = MijMjk = MjkMki = MkiMij . (5)
If V (x) = −V (−x) then the terms linear in pi drop out of the hamiltonian and the
commutation relations for πi satisfy
[πi, πj ] =
∑
k 6=i,j
Vijk(Mijk −Mjik). (6)
Let us now assume that V (x) = l/x, in which case Vijk = 0. Therefore
πi commutes with πj and hence with H . Furthermore, we can construct totally
symmetric operators
In =
∑
i
πni (7)
which commute with H as well as with themselves. Since we can construct N local
conserved quantities, the system is integrable.
Let us now include the internal degrees of freedom. Assume that the particles
are labeled by an index that transforms under the fundamental representation of
SU(Nf ). Let σij be the operator that exchanges the indices of particles i and j.
The Nf ×Nf matrices τ
a, which are the generators of SU(Nf ) in the fundamental
3
representation, satisfy the identity
∑
a
τaµντ
a
λρ =
1
2
(
δµρδνλ −
1
Nf
δµνδλρ
)
. (8)
It is then straightforward to check that
σij =
1
Nf
+ 2
∑
a
τai ⊗ τ
a
j , (9)
where τai acts on the i
th particle. We could also consider higher spin represen-
tations, but then the exchange operator is a nonlinear expression of the SU(N)
generators.
We also define the total exchange operator, Tij = Mijσij , which exchanges
both positions and SU(Nf ) indices. For a system of N identical particles, the
wave functions will be eigenfunctions of Tij . Since πi has no dependence on the
SU(Nf ) indices,
[πi, σjk] = 0.
Thus, the integrability is preserved, but the introduction of internal indices will
modify the effect of the Mij on the wave functions. Keeping V (x) = l/x, the
hamiltonian (3) reduces to
H =
1
2
∑
i
p2i +
1
2
∑
i6=j
l(l −Mij)
(xi − xj)2
. (10)
Since M2ij = σ
2
ij = 1, we can write Mij = Tijσij . If we assume that H is acting on
a system of identical fermions, then H can be rewritten as
H =
1
2
∑
i
p2i +
1
2
∑
i6=j
l(l + 1/Nf + 2
∑
a τ
a
i ⊗ τ
a
j )
(xi − xj)2
. (11)
If the internal group is SU(2) and l = −1, then the interaction term is precisely
the term that has arisen recently in the study of matrix models for one-dimensional
open strings [8].
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The wave functions for the hamiltonian in (11) are not normalizable, so in-
stead let us consider the SU(Nf ) generalization of Calogero’s model of interacting
particles which reside in a central harmonic potential. To this end, consider the
operator
hi = a
†
iai = (πi + iωxi)(πi − iωxi). (12)
The commutator of xi with πj is
[xi, πj ] = iδij(1 + l
∑
k 6=i
Mik)− i(1 − δij)Mij . (13)
Using this relation, one can derive the following:
[ai, aj ] = [a
†
i , a
†
j ] = 0
[ai, a
†
j ] = 2ωδij(1 + l
∑
k 6=i
Mik)− 2lω(1− δij)Mij
[hi, hj ] = −2lω(hiMij −Mijhi)
[hni , hj ] = −2lω(h
n
iMij −Mijh
n
i ).
(14)
Let the hamiltonian be given by
H =
1
2
∑
i
hi +
lω
2
∑
i6=j
Mij
=
1
2
∑
i
(p2i + ω
2x2i ) +
1
2
∑
i6=j
l(l −Mij)
(xi − xj)2
+
Nω
2
.
(15)
This hamiltonian is slightly different than the one in ref. [7] and is used to acco-
modate the fact that the wavefunctions are no longer eigenvalues of Mij . Using
the commutation relations in (14) we find that
[H, aj ] = −ωaj
[H, a†j ] = ωa
†
j.
(16)
We briefly repeat the proof in ref. [7] that shows this system is integrable.
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Consider the sums
In =
∑
i
hni . (17)
Computing the commutators of the In, we find
[In, Im] =
∑
i,j
[hni , h
m
j ] =
∑
i,j
m−1∑
α=0
hαj [h
n
i , hj]h
m−α−1
j
= −2lω
∑
i,j
(
m−1∑
α=0
−
m+n−1∑
α=n
)
hαjMijh
m+n−α−1
j .
(18)
Explicitly antisymmetrizing in m and n then gives
[In, Im] = −lω
∑
i,j
(
m−1∑
α=0
−
m+n−1∑
α=n
−
n−1∑
α=0
+
m+n−1∑
α=m
)
hαjMijh
m+n−α−1
j = 0. (19)
All In commute with the hamiltonian, hence the system is integrable.
Now let us bring the internal indices into the picture. For what follows we will
assume that the particles transform under the spin 1/2 representation of SU(2).
Since ~σi commutes with all In, the system remains integrable, but again the wave
functions are, in general, no longer eigenvalues ofMij . Because of the commutation
relations in (16), in order that the spectrum be bounded from below, the ground
state should be annihilated by all ai. Since ai has no spin dependence, the ground-
state wave function can be expressed as a product of spatial and spinor wave
functions. For N identical fermions the wave function is totally symmetric under
spin-exchange, hence the total spin of the system transforms under a spin N/2
representation. Therefore, the ground state is N -fold degenerate and its wave
functions are given by
ψmgs =
∏
i<j
(xi − xj)|xi − xj |
−1−le−
1
2
∑
i
ωx2iχm(
∑
j
σj), (20)
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where m is the total spin along the z direction and
χm(J) = 1 if J = m,
= 0 otherwise.
(21)
All excited states can be constructed by acting on the ground state with sym-
metric combination of a†i operators. For instance, if we act on the gound state
with
∑
(a†i )
n, we create a state with energy nω above the ground state. Since σij
commutes with this operator, the total spin of this state is still in an N/2 repre-
sentation. The only other set of operators that we need to create excited states are
of the form
∑
i ~σi(a
†
i )
n. (If we were considering a generic internal group, we could
substitute any element of the Lie algebra for ~σi.) This operator does not commute
with (
∑
~σi)
2, so this will create excited states in representations different from
N/2.
Acting on the ground state with
∑
~σi(a
†
i )
n results in the wave function
ψmex =
∑
i
~σi(a
†
i )
nψgs
=
[
1
N
(∑
j
(a†i )
n
)(∑
i
~σi
)
ψmgs
]
+
[
1
2N
∑
i,j
((a†i )
n − (a†j)
n)(~σi − ~σj)ψ
m
gs
]
= ψm1 + ψ
m
2 .
(22)
The first term in square brackets (ψm1 ) is clearly a component of a spin N/2 repre-
sentation. On the other hand, the term in the second set of square brackets (ψm2 )
is a spin N/2− 1 component. One can verify this by noting that
( ~J)2 = (
∑
i
~σi)
2 =
∑
i<j
σij −
N(N − 4)
4
. (23)
It is then straightforward to show that
∑
k<l
σkl((a
†
i )
n − (a†j)
n)(~σi − ~σj)ψ
m
gs =
N(N − 3)
2
((a†i )
n − (a†j)
n)(~σi − ~σj)ψ
m
gs. (24)
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Therefore,
( ~J)2ψm2 =
N
2
(N
2
− 1
)
ψm2 . (25)
and hence, ψm2 is the wave function for a spin N/2 − 1 state. We can act on the
ground state withM copies of
∑
~σi(a
†
i )
n which create states at energiesMnω above
the ground state. The resulting wave function will be a sum of wave functions with
definite total spin, with the lowest total spin being (N/2 −M), if M ≤ N/2. In
fact, the lowest energy for a state in an (N/2−M) representation is
E0,M = Mω +
Nω
2
−
N(N − 1)lω
2
. (26)
Finally, let us consider the generalized Sutherland model, which has recently
been discussed in ref. [6]. In this case, we choose V (x) = l cot ax, which gives
Vijk = l
2 and leads to the commutation relations
[πi, πj ] = l
2
∑
k
(Mijk −Mjik). (27)
We define the hamiltonian to be
H =
1
2
∑
i
π2i +
1
6
∑
i6=j 6=k 6=i
Mijk =
1
2
∑
i
p2i +
1
2
∑
i6=j
l(l −Mij)
sin2(xi − xj)
. (28)
The commutator of H with πj is given by
[H, πj ] = [
1
2
∑
i
π2i +
1
6
∑
i6=m 6=k 6=i
Mimk, πj ]
= l2
∑
i6=k
(
πi(Mijk −Mjik) + (Mijk −Mjik)πi
)
+ l2
∑
i6=k
(Mijkπj − πjMijk)
= l2
∑
i6=k
(πi + πk)(Mijk −Mjik) = 0,
(29)
where the final sum is zero because of the explicit antisymmetry between i and
k. To complete the proof of integrability [7], consider the modified momentum
8
operator π˜i,
π˜i = πi + l
∑
j 6=i
Mij , (30)
which also commutes with H . π˜i satisfies the commutation relations
[π˜i, π˜j ] = 2l(π˜iMij −Mij π˜i) (31)
which are of the same form as the commutation relations for the hi operators in
the Calogero case. Therefore, the operators I˜n =
∑
π˜ni form a commuting set that
also commute with the Hamiltonian and the system is integrable.
All of these models remain integrable if a spatially constant external field cou-
pled to the internal indices is included in the hamiltonian. However, the hamilto-
nian derived for the open string matrix model [8] contains a position dependent
magnetic field which couples to the spins. One consequence of this is that the total
spin no longer commutes with the Hamiltonian. While we presently don’t know
how to show if such models are integrable, we have succeeded in finding the ground
state wave function for one such model. Its hamiltonian is given by
H =
1
2
∑
i
(p2i + ω
2x2i + 2γxiσ
z
i ) +
1
2
∑
i6=j
(
l(l −Mij)
(xi − xj)2
+ lωσij
)
−N(
ω
2
−
γ2
8ω2
)
=
1
2
∑
i
a†iai +
lω
2
∑
i6=j
(Mij + σij),
(32)
where ai is defined as
ai = πi − i(ωxi +
γ
ω
σzi ). (33)
A short calculation shows that
[H, ai] = −ωai + ilγ
∑
j 6=i
(σzi − σ
z
j )(Mij + σij),
[H, a†i ] = +ωa
†
i + ilγ
∑
j 6=i
(σzi − σ
z
j )(Mij − σij).
(34)
While the commutators in (34) don’t have the usual form for creation and an-
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nihilation operators, one can observe that if the hamiltonian in (32) acts on an
antisymmetric state, then it reduces to a positive definite operator. Therefore, any
antisymmetric state annihilated by all ai must be a ground state. The ground
state has an N -fold degeneracy, with the states labeled by the total spin in the z
direction, and it is straightforward to show that the wave functions are given by
ψmgs =
∑
i<j
(xi − xj)|xi − xj |
−1−le−
1
2
∑
i
ω(xi+γσ
z
i /ω)
2
χm(
∑
j
σzj ). (35)
Proof of integrability requires further work.
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